The influence of gas bubbles on the properties of internal waves in a continuously stratified fluid is studied in the framework of a two-dimensional model of a diluted monodisperse mixture of an incompressible fluid with gas bubbles. The model takes into account surface tension on the walls of the bubbles and an effective viscosity. The dispersion relation is obtained for linear waves in the Boussinesq approximation for a uniformly stratified fluid, and it is shown that in the presence of a uniform distribution of bubbles, there are two classes of plane waves. One class, the "bubble" wave may propagate with frequencies higher than the buoyancy frequency, while the other class is a modified internal wave, whose frequency is less than the buoyancy frequency, with a finite gap existing at all wavenumbers. The effective viscosity introduces a damping of both modes, and has a greater effect on the "bubble" mode. The dispersion relation is also obtained for waves propagating horizontally in the oceanic waveguide, both for the case when the fluid is uniformly stratified and contains bubbles, and when the bubbles are in a thin nearly homogeneous upper layer.
Introduction
In many fluid situations of practical interest, layers, or clouds, of bubbles are present which may influence the larger-scale dynamics. In the ocean bubbles may arise in the upper mixed layer due to the breaking of surface waves (see, for instance, Garrett et al. 2000 and Thorpe 1995) . One may therefore infer that such bubble clouds in the ocean are effectively shielded from any direct effect on internal waves, which are essentially confined to the region below the mixed layer. Nevertheless, the presence of bubbles in the upper layer may have some effect on internal waves, either in the situation when vertically propagating internal waves impact on the mixed layer, or for the situation when an internal wave is propagating horizontally in an oceanic waveguide, part of which consists of an upper mixed layer. Further, it is conceptually feasible to have a situation in which there are bubbles in a fluid which is vertically stratified in density, even though this may be a rare occurrence in the ocean. In this paper, we take a first step towards examining these issues by considering the properties of linear internal waves in a continuously and uniformly stratified fluid containing bubbles, using the Boussinesq approximation. Most of our focus here is on waves which can propagate vertically, although we also present some results for waves which are constrained to propagate horizontally in an oceanic waveguide.
Here, to model the behaviour of a fluid containing bubbles, we follow an approach developed in the mechanics of multiphase media by Nigmatulin (1990) , Nakoryakov et al. (1983) , Kutateladze et al. (1984) , Prosperetti (1994) , Brennen (1995) (see also references therein). Bubbles, per se, have been intensively studied in many different contexts. For instance, in a study related to that we undertake here, surface waves in a bubbly fluid, and waves on the interface between bubbly and ideal fluids in the absence of stratification were discussed by Akhatov (1989) . In recent years there has been significant interest in studying dynamics of clouds of bubbles in connection with cavitation problems (d 'Agostino et al. 1989 , Kumar et al. 1993 , Brennen 1998 , Reisman et al. 1998 , see also references in Reisman et al. 1998 ). Again, acoustic generation in a bubble layer has been studied in Druzhinin et al. (1996) , Ostrovsky et al. (1998) . However, we are not aware on any works on the effect of bubbles on internal waves in a continuously stratified fluid.
Equations of motion
We consider the two-dimensional motion of a diluted monodisperse mixture of incompressible fluid containing small gas bubbles, preserving their mass and spherical form. The processes of bubble formation and destruction are not considered. The distances between the bubbles are supposed to be big enough to prevent collisions, and so the interaction between bubbles is due only to pressure changes. Under these assumptions the basic hydrodynamic equations for the mixture can be closed by the Rayleigh-Plesset equation for the oscillations of a single bubble, where the pressure at infinity is replaced by the pressure of the mixture (Rayleigh 1917 , Herring 1941 , Trilling 1952 , Iordansky 1960 , Hickling et al. 1964 , Kedrinsky 1968 , Wijngaarden 1968 , Knapp et al. 1970 , Nigmatulin 1990 .
The fluid phase is assumed to be incompressible. This assumption is very good for relatively big void fractions, α g of a gas, that is,
where ρ l and c l are the true density of the fluid, and the acoustic velocity respectively, in a pure fluid. On the other hand, α g is supposed to be small enough,
so that the mixture can be considered as a medium with the density approximately equal to ρ l (1 − α g ). That is, the mass of the gas is neglected compared to the mass of the fluid. Further assumptions, typical for bubbly fluids, are that viscosity and heat conductivity are significant only in the processes of interaction between the phases, and they can be neglected in a macroscopic transfer of energy and momentum. The processes under consideration assume an oscillatory regime of radial motion for the bubbles. In this case, all dissipative mechanisms can be taken into account through a term with an effective viscosity µ in the Rayleigh-Plesset equation (see Nigmatulin 1990 ). Dissipation of kinetic energy of the gas takes place mainly due to viscosity of the liquid and heat transfer. Heat dissipation of kinetic energy occurs due to the irreversibility of the gas processes, that is, during compression, the gas dissipates more heat into the fluid than is returned from the fluid during the decompression of the gas, when the temperature of the gas is lower that that of the fluid. So, the effective viscosity accounts for the fluid viscosity, µ l , thermal damping, µ (T ) , and other dissipative mechanisms:
Under these assumptions the set of equations describing a two-dimensional motion of the mixture takes the form
Here p, ρ, u, w are pressure, density and velocity components of the mixture; ρ l is the density of a pure fluid; p g , α g , R, n are pressure, void fraction, radius and number density of bubbles; κ is a polytropic exponent of a gas (1 ≤ κ ≤ γ, where γ is the adiabatic exponent); d/dt = ∂/∂t + u ∂/∂x + w ∂/∂z is the material derivative with respect to time; is the coefficient of surface tension and µ is the effective viscosity, which can be much bigger than viscosity of the fluid (see Nigmatulin 1990 ). Equation (5) follows from the conservation laws for entropy of the gas, and the mass of the bubble, that is,
respectively, where ρ g is the density of the gas.
Using (4), we can exclude ρ l and rewrite equations (2), (3) as follows:
Thus, the model we are working with consists of 7 equations (1), (5), (6) - (8) in 7 unknowns p, ρ, u, w, R, n, p g , with α g = 4πnR 3 /3. These equations need to be supplemented by boundary conditions at the ocean bottom, and at the free surface. However, we shall not specify these here, as in the next two sections (3 and 4) we will discuss waves for which these boundary conditions play no role. But in section 5 we will impose the boundary conditions in order to discuss horizontally propagating waves. We will suppose that in the basic state the mixture has density ρ 0 (z), a corresponding pressure p 0 (z) (satisfying p 0z = −gρ 0 ), and that there is no shear flow, u 0 = w 0 = 0, and that all the bubbles have the same radius R 0 and their number density is a constant n 0 . This yields p g0 (z) = p 0 (z) + 2 /R 0 and α g0 = 4πn 0 R 3 0 /3.
Vertically propagating linear waves
The aim of this section is to derive and analyze the dispersion relation for vertically propagating linear waves. Hence, in this section we shall ignore the effect of boundary conditions at the free surface and the bottom, and so assume the medium is unbounded. We also use the Bousinesq approximation. Then, the linearized equations describing deviations from the basic state take the form
In the sequel, the tilde superscripts are omitted. Note that n appears only in the last equation, and so doesn't influence the dispersion relation.
Next we derive equations involving only the vertical velocity w, and c = R t , the radial velocity of the bubble. The horizontal velocity u can be eliminated by taking the time derivative of (12) and using the horizontal momentum equation (9) . This leads to
Then on taking the time derivative of the vertical momentum equation (10) and eliminating ρ by virtue of (11), we get
where
The pressure p can be eliminated by taking the second derivative of (17) with respect to x, and using (16) . In the Boussinesq approximation this gives
where ≡ ∂ 2 /∂x 2 + ∂ 2 /∂z 2 is the two-dimensional Laplacian, and δ 2 = 3α g0 /R 0 . A second equation can be derived by differentiating the linearized Rayleigh-Plesset equation (13) twice by x and once by t, and then using (14) and (16), which gives
where ω
is the natural frequency of bubble oscillations, ν = µ/ρ 0 and σ = /ρ 0 , and a = 3α g0 (1 − α g0 )/R 2 0 . Note that if σ = 0, then ω 2 * = 3κp 0 /R 2 0 ρ 0 is a Minnaert frequency (see Nigmatulin 1990 ).
We shall next simplify the analysis by assuming that the bouyancy frequency N (18) is a constant, which gives us ρ 0 = ρ a exp(−N 2 z/g) and p 0 = p a + g 2 (ρ 0 − ρ a )/N 2 , where p a and ρ a are constants, which may be taken as the atmospheric pressure and the density at the free surface respectively. Even in the case of constant N , ω * (21) depends on z. But in the framework of the Boussinesq approximation it is consistent to consider some typical value of ω * (an average value, for example). In our present analysis we suppose ω * to be a constant. We shall also make the usual assumption that ν and σ are constants.
Considering two-dimensional plane waves
we obtain the dispersion relation
with the coefficients given by
Let us first neglect dissipation, so that ν = 0. In that case (23) yields
The expression for the discriminant D can be rewritten as
showing that D > 0. Next, we observe that if c 4 < 0, then ω 2 − < 0 implying the existence of a temporal instability. However, since c 4 < 0 is equivalent to ω 2 * R 2 0 N 2 < 3α g0 g 2 , it is unlikely to be satisfied under the hypotheses we have used in deriving this set of equations. So henceforth, we shall always assume that c 4 > 0. In this case, D < c 2 2 , and (24) shows that the dispersion relation has two branches, ω + and ω − , characterized by the following properties.
Let the vertical wavenumber l be fixed. Then, as k → ∞,
Taking into account that for typical values of parameters 4ag 2 (ω 2
On the other hand, as k → 0,
When k is fixed and l → ∞, then
The two branches of the dispersion relation are shown in Fig. 1 for parameter values typical for a mixture of sea-water with air bubbles (N = 0.0125s
. The behavior of the upper and the lower sheets of the dispersion surface for very long waves is shown in Fig. 2 . If α g0 → 0, then
Thus ω + corresponds to the natural frequency of bubble oscillations, while ω 2 − gives us the dispersion relation for a pure stratified fluid. When α g0 > 0, corresponding to the presence of bubbles, we see that the frequency of an internal wave lies in the band 0 ≤ 
, there is a gap in the frequency spectrum, and this gap contains the buoyancy frequency N (18). In particular, the limiting frequency for an internal wave is ω −(∞) which is less than N .
The group velocity for each branch is (∂ω/∂k, ∂ω/∂l), and can be written in the form,
It follows that (assuming without loss of generality that ω ± > 0) for the internal wave, the horizontal component of group velocity is always positive, and the vertical component is always negative, just as for the case when there are no bubbles. For the bubble mode, both the horizontal and the vertical components of group velocity are positive, except for short waves (k → ∞) for which ω 2 + > ω 2 * (1 − α g0 ) when the vertical component is negative. Further, it can be shown that for the internal wave, the horizontal component of group velocity is reduced from that in a pure fluid, while the absolute value of the vertical component is increased, except for very long waves for which k, l → 0 (this case is discussed in the next section).
If α g0 → 0, then (25) yields
which is the group velocity for internal waves in a pure stratified fluid, and is normal to the phase velocity. Let us note, that in the presence of bubbles the group velocity is no longer normal to the phase velocity, since, as can be seen from (12), the particle motion is not normal to the wavenumber vector. Further, for l = 0, the group velocity of internal waves in a pure fluid is zero, but in the presence of bubbles it has a nonzero horizontal component (this case in considered in section 4). Finally in this section, let us take into account dissipation, That is, let ν > 0, but quite small. Then we seek a solution of (23) in the form
We find that
It can then easily be shown that ω ν± < 0. Thus, as expected, the effective viscosity results in a slow damping. The decrement of damping is given by of an effective viscosity is taken equal to the viscosity of water. However, as shown by Nigmatulin (1990) , it may be much bigger than that due to the thermal damping.
Exchange of energy between phases
In this section we discuss processes involving an exchange of energy between the fluid and the bubbles, based on the properties of the linear dispersion relation derived in the previous section. In the oceanic situation, processes of these kind may be significant as an internal wave propagates into a region containing bubbles.
We neglect dissipation, and for ease of exposition, consider the one-dimensional case when the vertical wavenumber is zero, so that there is no dependence on z. Then equations (19) , (20) reduce to
The general solution of these equations (28) in wavenumber space (i.e. we have in effect taken a Fourier transform in x) is given by,
Here ν 2 1 = N 2 and ν 2 2 = ω 2
are the "partial" frequencies (when there are no coupling terms). Since ω 2 − < N 2 ≤ ω 2 + we see that α − > 0 while α + ≤ 0 (α + = 0 only when k = 0). Thus, as expected, the general solution consists of two modes, an internal wave and a "bubble" wave, each propagating in both directions, with amplitudes W 1,3 , W 2,4 respectively. Before proceeding to discuss this solution (29), we note that although in practice ω * N so that for finite wavenumbers k, ν 2 > ν 1 , nevertheless as k decreases, there is a critical wavenumber k cr (k 2 cr = aN 2 /(ω 2 * (1 − α g0 − N 2 )), for which ν 1 = ν 2 , and such that for k < k cr , ν 2 < ν 1 . As k decreases through k cr there is an exchange of identity between the modes ω ± , with ω + becoming the internal wave, and ω − becoming the "bubble" wave. This can be seen by noting that, with α g0 > 0, albeit very small, the limit k → 0 gives ω + → N and ω − → 0. On the other hand, with the vertical wavenumber l = 0, a pure internal wave has ω = N , thus leading us to identify ω + as an internal wave in this limit. But note here that the limits k → 0 and α g0 → 0 are not interchangeable. A similar exchange of identities occurs when the vertical wavenumber l = 0, but is quite small. Since k cr is quite small, this phenomenon is restricted to very long waves. To find an estimate for k cr , let us neglect surface tension on the walls of the bubbles, so that the ω 2 * = 3κp 0 /R 2 0 ρ 0 (i.e. ω * is the Minnaert frequency), and taking into account that N 2 ω 2 * (1 − α g0 ), we obtain k 2 cr ≈ N 2 α g0 ρ 0 /κp 0 . Thus the critical wavenumber k cr is proportional to N and α 1/2 g0 . For example, let N = 0.0125s −1 , p 0 = 10 6 P a, ρ 0 = 10 3 kgm −3 , and assuming that α g0 = 0.002, κ = 1.4, we obtain k cr ≈ 1.49 · 10 −5 m −1 (a wavelength λ ≈ 421km). But even a small increase in the value of N leads to a significant decrease of this wavelength; for N = 0.03s −1 and the same values of the other parameters, k 0 ≈ 2.27 · 10 −4 m −1 (λ ≈ 28km).
Since each mode is "mixed", that is, when α g0 > 0, the modal structure contains components of both w and c, it follows that a pure internal wave initial condition must lead to the generation of both modes, and hence excitation of a "bubble" wave. For instance, suppose that we choose W 3 = W 4 = 0 so that (29) represents two plane waves both propagating in the positive x-direction, and choose W 1 , W 2 so that w| t=0 = A cos kx, c| t=0 = 0 correspond to a pure internal wave at t = 0, then (29) becomes,
Here
When written in this form we see that in effect we have a mixed wave with frequency γ + whose amplitude is modulated with the frequency γ − . Note that when k = k cr (ν 2 1 = ν 2 2 ), then α − = |α + | and the amplitude of the vertical velocity varies periodically from A to 0, with w = 0 at times when c is at a maximum, and c = 0 when w is a maximum. The solution in this critical case is depicted in Fig. 4 Next suppose that we choose W 1 , W 2 , W 3 , W 4 so that c| t=0 = c t | t=0 = 0 and w| t=0 = A cos kx, w t | t=0 = 0 which again corresponds to a pure internal wave at t = 0 but we now allow for waves generated in both directions. The solution (29) then becomes
where the notation is the same as in (30) . Now, the solution can be regarded as a standing wave of frequency γ + whose amplitude is modulated with a frequency γ − . The amplitude of the vertical velocity varies from A to W |α − − |α + ||, where the latter value is 0 when k = k cr . This case is shown in Fig. 5 for the same parameter values as in Fig. 4 , while in Fig. 6 we show the beats when x is fixed, by plotting w, c as functions of t. Of course, the solutions that are considered in this section are present in any situation when the dispersion relation has two or more branches, which is generally typical for multi-component systems. The well-known example of this type in classical mechanics is Mandelshtam's system of connected pendulums (Mandelshtam 1972 , see also Arnold 1989) . Modulational stability of these solutions can be studied using NLS equations for the amplitudes of the waves similarly to Gumerov (1992) .
Another consequence of the existence of two branches of the dispersion relation is the possibility of an interaction between short and long waves. The long-short wave resonance takes place when the group velocity of short waves is equal to the phase speed of a long wave. This type of resonance occurs in several physical systems, for instance, for water waves and internal waves (Benney 1976 , Benney 1977 , Grimshaw 1977 , and for waves in a collision-free plasma (Zakharov 1972 ). The possibility of such a resonance in a weaklycompressible ideal homogeneous fluid with gas bubbles was shown in Akhatov et al. (1998) and studied in detail in Khismatullin et al. (2001) (see also the references therein).
It transpires that the model proposed in this paper for the internal waves in a continuously stratified bubbly fluid also admits this special type of resonance. Indeed, the phase speed c l of a long internal wave is obtained as the limit of ω − /k as k → 0,
For In this example, the corresponding wavenumbers of the short waves are k s1 ≈ 5.2·10 −5 m −1 and k s2 = 25m −1 . The corresponding frequencies are equal to ω 1+ ≈ 0.05Hz and ω 2+ ≈ 22kHz.
Horizontally propagating linear waves
We now suppose that the fluid is bounded below by a flat rigid bottom, and above by a free surface. The linearized equations of motion are again (9)- (15) . The bottom boundary condition is w| z=−H = 0.
where H is the undisturbed fluid depth. In the Boussinesq approximation for internal waves, we may replace the free-surface boundary conditions with the so-called "rigid-lid" condition (Gill 1982) ,
We then consider two configurations. In the first, the basic state is the same as that used in section 3, while in the second, we suppose that in the deep ocean there are no bubbles, but there is a thin nearly homogeneous upper layer which has a bubble distribution.
Uniform stratification
As in section 3, the governing equations can be reduced to the pair of coupled equations (19) , (20) . Here we neglect dissipation (ν = 0), and assume that ω * is replaced by a constant, equal to its average value over the fluid depth. To the leading order in the Boussinesq approximation, this is
Here p a is the atmospheric pressure, and ρ a is the density at the free surface.
Solutions are now sought in the form
Substituting (34) into (19, 20) we obtain
.
Of course, this is just the dispersion relation ( 
Therefore, the eigenfrequencies are given by the dispersion relation found in section 3, where l is quantized to the restricted set of values in (36).
Upper layer with bubbles
In this section we consider a two-layer model. The upper layer has an undisturbed constant depth h, a constant buoyancy frequency N 1 (which is zero if the upper layer is well mixed) and contains the bubbles, while the lower layer is without bubbles, and has a constant buoyancy frequency N 2 , bigger than N 1 . The density ρ 0 (z) is continuous at z = −h. In the sequel the subscript 1 corresponds to upper layer, and the subscript 2 to the pure liquid. The boundary conditions on the top and at the bottom are the same as before, that is (32), (33). The linearized conditions at the interface are
where ζ(x, t) is an interface displacement, expressing continuity of the vertical displacement and the pressure.
In the lower layer (pure fluid without bubbles) we have the equation
The solution of (39), which satisfies (32) has the form
is the dispersion relation in a pure stratified fluid. For an internal wave we expect that l 2 > 0 and so then ω 2 < N 2 2 , although the following analysis remains valid if instead l 2 < 0.
In the upper layer we have the equations (19), (20) as in section 3, but with N replaced by N 1 , and ω * by its average value over the depth of the upper layer. The solutions of (19) , (20) can be found in the form
Substituting (42) into (19) , (20) we obtain
Since we will assume that N 1 N 2 or even zero, we can anticipate that usually for internal waves β 2 > 0, but even so, the following analysis remains valid if β 2 < 0. Then equation (43) has the solution φ(z) = A 1 sinh βz, satisfying condition (33). Next, to apply the boundary conditions at the interface we let ζ(x, t) = ia exp[i(kx − ωt)] + c.c. Substituting (42) and (40) into (37), we obtain
The second condition (38) can be rewritten in terms of the variables w 1 , c, w 2 by differentiating (38) twice with respect to x and using (16) in the bubbly layer, and the similar condition with α g0 = 0 in the pure fluid. We obtain
which leads to the dispersion relation,
In the limiting case of αδ 2 → 0, (45) gives us the dispersion relation for a two-layer pure fluid (no bubbles). Next, we assume that the upper layer is thin, βh 1, and then (45) can be approximated by
where the coefficients are given by
In the limit h → 0, (46) yields (36), obtained above. In general, the values of l determined by (46) are again restricted to the discrete set of numbers, which depends on the given frequency ω and on the parameters of the model. For h/H 1 we can further simplify (46) and obtain the approximate solutions
The interesting new feature is the appearance of the additional value l 0 , which can be interpreted as a bubble mode. It does not exist if the upper layer has no bubbles. The modes with n ≥ 1 can be interpreted as the internal wave modes, which all exist when there are no bubbles. But note that the value of l n , for a given frequency ω < N 2 is increased due to the presence of the upper layer when bubbles are present (as theñ l n > 0). It is interesting to note that if there are no bubbles in the upper layer, theñ l n is zero, and the correction to the leading order term nπ/H for l n is then O(h 3 /H 3 ) (l n ≈ nπ/H + (nπ) 3 h 3 /3H 4 , so that the correction is still positive). For each mode, the dispersion relation expressing k as a function of ω is obtained by combining the expressions (41) and (47). It can then be solved for ω as a function of k. For the bubble mode (l = l 0 ), this gives the approximate relation
As k 2 increases from 0 to infinity, so does ω 2 with a limiting value of ω 2 * (1 − α 0 )+agh(H − h)/H as k → ∞. Note that there is a critical value k N (obtained by setting ω 2 = N 2 2 in (48)), such that for k > k N , l 2 < 0 and so the mode is evanescent in the lower layer, but for k < k N , l 2 > 0 and so the mode is then sinusoidal in the lower layer. In practice k N H 1 and so this latter possibility is confined to very long waves. For the internal waves, the dispersion relation is just (41) with l ≈ nπ/H to leading order in h/H. Thus for these modes, l 2 > 0 and so ω 2 < N 2 2 . The small correction given byl n (47) has the effect of slightly increasing the wavenumber k, for a given ω, due to the presence of the bubbles in the upper layer, or equivalently of decreasing the frequency ω for a given wavenumber k. Further, this effect is O(h/H) and it may be significantly stronger than the corresponding effect in the absence of any bubbles, when it is O(h 3 /H 3 ).
Conclusion
Although the analysis we have developed here is for very ideal configurations, which may not be realized in the practical oceanic environment, a number of important features have emerged which invite further study. The most significant finding is that the presence of bubbles, either throughout a uniformly stratified fluid, or confined to a thin upper layer, causes a major change to the dispersion relation for internal waves, in that a "bubble" mode is introduced, which typically has a higher frequency than the buoyancy frequency (except possibly for very long waves). Also, we have found that there is usually a spectral gap between the "bubble" mode and the internal wave modes, with the buoyancy frequency being a lower bound for the "bubble" mode, and the upper bound for the internal wave modes being a bit less than the buoyancy frequency. The existence of the two modes allows for the possibility of an energy exchange between the two modes, and this combined with the potential for damping of the bubble mode due to an effective viscosity, leads to a potential mechanism for the damping of internal waves in the presence of bubbles. The possibility of an energy exchange between the phases of mixture (i.e. the excitation of bubble oscillations by an internal wave) can also be important from the point of view of cavitation problems.
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